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system is tiene invariant

and also it does not end
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momentum is conserved



To alculate M we switch to
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, Po
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mi

->

H=
Sara definitions--

Involution
&
-

Two functions F ,
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0

.
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If a system with N degrees of freedom
-

ties thatare inhas N conserved freel
involution then the system

is integrable
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It'ssupple it to our example
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I and po fo
example.
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conserved.
we calculate the Poisson brackets

Th=H
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Callfers aboveare of

and if wealculate

TH ,MI = 0 and Epo , PoS =O

Our system is ther integrable
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Notice that motion
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⑯
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Let's look at the same

woken in Centerian

coordinates .
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We can imagine
now

M= forwitI

T

with WitWe

The energy of each oscillater

know thereere 21) is concerned.

and they are in
involution.
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a)

·en



#
--
--

= I
E 2

X

Sy
U irrationa

The intersection of the

N-subspees defined by Ci = C (c
,
p)

is a torus on a IN-N

= Nairnossional spece
-- find asIt can be ident

a hypercale with opposing



ends identified.

For an integrable by ster
in 2 phase spees ,

the trajectory
is confined to the surface

ofer N dimensional
tores.
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Now integrablezeste-
Let's look at 2-D grap shots.
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We can read v from
themurse of tieres :t

circles the central paient
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There curves are called

#AM tori

Arnald aud Moses)
Cholmogorov ,

The 2 dimensional map
an

called Poincare sections

zor maps)
For integrables systems

sectious consistPoincare

of a collection of
closed loops

and discrete points when
--al

we go one auffeutin
auditious .
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winding
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todifferent total engis
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Consider e
set up /

nemonis
2 eyuas freques each
oscillators comped to
other

H = & + Ima 2 +B +1
zu
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: 92-

This is tee Henon-Heiles
-
-

system .
(I-D polental

It was thought to model
Hes

in the

dy varing of a star
tential of

axisymmetric po

a galaxy Ig ,
the rodeal

the
location of the star froes

und
center ofthe galaxy e I .&
I
the angleof

declination



1) we flip the sizes for the

best Neur
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this system is integrable
Crot obvious)

Hour goal
is to analyze

what

stem

happens as an integrable or
turns into a

chaotic one.

- - a
Henon-Heiles

Que technique
-> von liner falr right awa

Another teclamps
is to introduce

the perturbation gradual
conservative doos : the Hamiltoner

is independentl timel dissipative
Iwe add dissipation steel chaos !7
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some system as before
but with rest layth of

spring t (instead of 0)
and with granity
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wehave L conserved quantity non
↓ a 2or system .

Let's softe re grations
umerically
A natural scale is given by

to

R = 1

Vo

also we can enfirst =Xt
T is the # of oscillations periods

↳ datest
Las intre M RandT

L=(r +r-E (R- 12

+ERG
and =ro



Let's start with = 0

Assure /

R ear ef is Reg = ItE

R = Ref +X =
1 + + X

cost = 1-8
Z

XRef -I

L = Ex - (x* + + (1+ +3

- (i+3)02

This is equivalent to 2 Harmonic

oscillators & 2 angular frequencies

wX =
1 wo

with this Poincare section

would be KAM toni



The winding wurden is

=F
in queral

irrational Lexcept
on special values of 5)
Guall X .
0 x

O star wall

If we look beyond this

For small but fixed perturbation
E

,
the winding#s of FAM tori

In different initial conditions
become functions of the initial

(see photoconditions as in figure --

At the center is a single

point GAM forus of v =
1

Fa E-po this corresponds
to state ertical oxcillations



at fixed t =0

-

Those paints on Roincare
are stable fori

sectees

Ifixed points on elliptes prints)
KAM those
-

The theorem is concerned
with

Mus stabilityomotionsia are

hamiltonian
as of integrableseall perturbal

Kamiltonian systems
.

If a small perturbation
is

added to an integrable system ,

initial

conditions responding to
irrational

↓Amtori in Poincare
sections are

Frous
effected byminimal deformal
with dy varis nor chaotic
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However tori with rational

members are
winding disintegrate into-

X peeled to

chaotic motion.

Are irrational #S

worl 5 less irrational ?

Dirichlet's theorems
-
[Approximation theorems Os

X

Diopleanteur approximation
For any

real numbers L and N

wide ! IN there are integers
and

pand f
such 1[f IN

194-pl1 +
-1
N

LNJ

where LNd is the integer pentof



For example
v = c +1

2 +1

33 + 1
Cut--e

·s are uijhs integers .

The more cis we need

to approximate v (An a repired 1
-- acal

precision) de "less Ph
is U. ri

If

The most irrational murkes

corresponds to the
minim

value for the sis ,
i .
8 Ci = /

which is

- =/2 = 0 .

618033988

which is the inverse of the

Golden natio .
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Inteistevels national

winding # S are a

Aqueue of disconnected

gots that with dirus

seather around and destroy

the Fasi

irrational #s on the
other

hand. Difere the effect of
-austhe perturbati rading

to stable Fori

Most initial conditions

correspond to stable
KAM tori

churths between
O and I and

irrational)



wo can define chaos

aus The absence of integrability
But for different initial

encourtes
conditions ,

we was
-

regions of stability -particularly
wher Mes van integrableroutineanineu

tie are small .

regious of choos
and regies of

**M stability .

Quantifiable new definition
of chaos.
i

.

e
. we shift a given

set of
initial conditions by a fire

-

auxouut and compute tas
distance e between

C trajectories



&C)= Leict) - g : H))2

g to shifted y
If he find that at louf
times we have

Xt
d) Se

with in so we say
that the

initial conditions
corresponding
lead to choots

evolution .

X Eponov exponent
then regimes of clas in a

Poincare section can be
labeled

by Lyapunor exponents
if instead

X0 attactor behavior

dynamics attraced to
a stable

torus in phase space.



godicita system in

please space is said to
be

ergodic if given enough
firs ,

the trajectory of the
system comes arbitrarily
close to any point in plse
space
clos inMie ergodicity


