Classical Mechanics 2026
Lesson 6: Small Oscillations



Free oscillations in one dimension

Small oscillations of a system about a position of
stable equilibrium lead to a modeling of many me-
chanical systems.

The position of a particle at a minimum of its po-
tential energy corresponds to a situation of stable
equilibrium.

A slight motion of the particle in any direction imme-
diately generates a restoring force (—dU /dq) bring-
ing it back to the equilibrium position.



Due to the fact that the potential energy function
has its minimum value at its equilibrium position (go)
we have that dU/dq(q = qo) = 0.

If we make a series expansion of the potential en-
ergy function around the equilibrium position we ob-
tain
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where we can keep the first relevant order and write
then that the behavior of our potential energy is of
the form

1d°U
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1
Ek(q — QO)2
(2)
where k is a positive coefficient, the value of the
second derivative at ¢ = ¢, (why is it positive?).
Picking up simpler notation, we can take U(q,) =

O and use x = q — qo. With these choices we have
that

U(x) = %k 72 (3)



The kinetic energy of a system with one degree
of freedom is in general of the form %a(q)QQ In a
cartesian coordinate system a(q) can be taken as
the mass m and we have then that the Lagrangian
for a system is

1 1
L= -mi®— —ka? (4)
2 2

This is a system with just 1 degree of freedom and
the Euler Lagrange equation is:

mx + kx = 0 (5)



which with the following definition
| k
W = {|—
m

F 4+ wlx =0

can be written

which has the general solution

x(t) = Acoswt + B sin wt.

which can be written as

x(t) = Acos(wt + «)



from where we obtain that

A =1/42 + B2 (10)
and
tanozz—E (11)
A

Near a position of stable equilibrium a system exe-
cutes harmonic oscillations.

A is called the amplitude of the oscillations and
wt + « is called the phase of the oscillations.

« is the initial phase, which clearly depends on the
choice of initial time.



w Is the angular frequency of the oscillations. It is
customary to just call it the frequency of the system.

Notice that this is a fundamental quantity which does
not depend on the initial conditions of motion. For-
mula (6) indicates that it is related to the fundamen-
tal characteristics of the system (i.e. its mass m
and physical properties -rigidity or elasticity- k).

Cautionary note: this fact is truth only when the
potential energy is a quadratic function of the posi-
tion of the system. This is not true for non-small
oscillations.



The energy of a system undergoing small oscilla-
tions is:
1 1
E = Emw'z + Eka (12)
which using (6) can be written

FE = %m(sz + wz?) = %mszz (13)

where the last equation derives from formula (10)

which defines the amplitude.

So the energy is proportional to the square of the
amplitude.



The function describing the position of the system
as a function of time can also be described in the
following manner

x(t) = Re[A exp(iwt)] (14)

where the symbol Re stands for the real part of. A
is a complex constant defined as

A= Aexp(ia)] (15)

The complex constant A is called the complex am-
plitude. Its magnitude is the regular amplitude, and
its argument is the initial phase.



The utilization of the so called Euler’s formula takes
advantage of the fact that the exponential doesn’t

change its shape under differentiation.
e’ = cosz +isinx (16)

In general, assuming that all operations involved
are linear we can omit the symbol Re.



Example: the sliding pendulum

The system considered consists of a pendulum of
mass m» suspended from a mass mq which can
slide along a rigid horizontal rod. To solve it:

1) we will write the Lagrangian for the system, then

2) we will integrate the equations of motion for the
system, and finally

3) we will calculate the frequency of oscillations of
the system.



Solution

1) Of course we assume that this system is sub-
jected to the action of gravity near the Earth’s sur-
face.



We calculate the Lagrangian of the system as the

sum of the Lagrangians for m; and mo separately.

We have that the kinetic energy for mass m1 is
L .5

Tl — —mlzb

= (17)

The potential energy for mq is 0 (why?). Conse-
quently Ly = 3m1#2. Regarding mass m, its co-
ordinates are:

x> = x + 1sin ¢, y> = [ COS ¢ (18)
And then the velocity components are

o = & + lp COS o, > = —lpsing (19)



From where we obtain that

T = %mg(:bz + 1°d? 4+ 22l cosd)  (20)

and the potential is
Uy = mogl COS ¢ (21)
and then the complete Lagrangian is:
L= ~(my+m2)i + mp(PF + 2il cos )
+mogl COS ¢
(22)

2) In the Lagrangian that we just calculated we can
see that the coordinate = does not appear explicitly



in the Lagrangian and it is, consequently cyclic. The
corresponding E-L equation for = gives:

d L L
@ (8_) _ 9L _ 4 (23)
dt \ Oz ox
and then
L
a (8_> —0 (24)
dt \ Ox
which is equivalent to
oL
pr = - = (m1 + mo)x + molpcos¢ = C

(29)

for some constant C where p, is the momentum of



the system in the x direction. This constant is arbi-
trary and because we can always take the system
to be at rest as a whole we can pick the constant to
be 0. We then all we need to do is to integrate the
equation

de _  moplpcosg
dt (m1 + mo)

(26)

from where we obtain that

(m1 + mo)x + molsin ¢ = constant  (27)

This shows that the horizontal component of the
center of mass of the system does not move hor-
izontally.



We will proceed to calculate the energy to use it as
the first integral of motion.

We remember that the energy is:
oL
E=)» ¢g——L (28)
ZZ-: '04;
We then obtain from (22)

E= %(ml + mp)i? + %mzl%z
+modxl COS p — mogl COS ¢ (29)



Using now (26) to solve to eliminate = we obtain

1 :
E = —m212q52 1— 2 cos? ¢ | — mogl COS @
2 m1 + mo
(30)

And using that E is constant we can integrate to
obtain

t:l\/ mo /Jml_l_mQSianbde
2(m1 + mo) E + mogl cos ¢

(31)
Equations (18) with (27) show that the trajectory

of mass mo is an ellipse with horizontal semi-axis
Imq/(mq1 + m») and vertical semi-axis I.




In equation (30) we can see that for mq{ — oo we
are left with the traditional pendulum which moves
in an arc of circle.

To calculate the frequency of oscillations we as-
sume that ¢ < 1.

2
The power series expansion of cos¢p = 1 — % +

2
This means that we will keep only cos¢ ~ 1 — %
and neglect higher order terms. Likewise we will
take cos? ¢ = 1 for small oscillations.



Then the energy E in (30) becomes

1 m1m2l2qb2 1 5
=— — mogl + —mogl
2(my+mg) 22" ¢
1 m1m2l2qb2
-+ m [ 32
T2 (m1 + mo) 2919° (32)

Where —mogl Iis a constant which can be removed
by appropriate rescaling of the potential (the poten-
tial energy is always defined up to a constant).



Comparing with (12) we identify the effective mass
m = myimol?/(m1 4+ ms) and the effective con-
stant £k = mogl, rendering

W — \/E _ \/(ml + m2)g (33)
m ml

as the frequency of oscillations for small ¢.




Forced Oscillations

There are systems where, in addition to a harmonic
oscillator potential U = 1/2kxz? , are acted upon
by a variable external force.

The oscillations in such case are called forced os-
cillations.

Let’'s assume that the origin of them is an external
field which is weak (still small oscillations).



To a first order we can assume that this new field
can be written:

Ue(z,t) ~ Ue(0,t) + CIZ%UG

(34)

L |:I:=O

The first term only depends on time and as such it
can be removed from the Lagrangian ( it is a total
derivative of a function only of time).

We can identify then the external force Fe(t) as

Fe(t) - %lijl;e |x=0.




Thus we can write the Lagrangian for such system
as

1 5, 1

. 1.2
L = S Qkx + zF(t) (35)

and the associated E-L equation is:

mx + kx = F(t) (36)



which can also be written
F
i+ wlr = Q) (37)

m
where w is the frequency of free oscillations.
This is an inhomogeneous differential equation.

lts solution is the general solution of the homoge-
neous solution plus a particular solution of the in-
homogeneous one.



Notice that the homogeneous equation is precisely
the one which represents free oscillations.

Let’s call it z, and then x1 we assume is a particular
one for the inhomogeneous one.

It suffices then to choose one particular solution of
the inhomogeneous one. Let’s look at a force

F(t) = fcos(¢t + B) (38)



In this case we can look at a solution of the form

z1(t) = bcos(yt + B).

Plugging it into the differential equation we get that
b = f/m(¥?2 — w?) and then the general solution
of the inhomogeneous equation (37) with the force
given by (38) is

f

m(y? — w?)

cos(yt + B)
(39)

x(t) = Acos(wt + o) + [




where the value of A and o depend on the initial
conditions.

Conclusion the solution consists of a motion with
two frequencies w the intrinsic frequency of the sys-
tem and another ) which is the frequency of the
external force.

In the Figure a system with two frequencies is plot-
ted. In this example the initial phases o and 3 have
taken to be 0.



Outfd]=

\

L

LA

&

4L

| {\{\
AR b
[ 5

N

4




An interesting situation arises if the frequency of the
force is the same as the intrinsic frequency of the
system.

Resonance will occur and the solution (39) is no
longer valid. In that case we should rewrite the so-
lution

x(t) =Acos(wt + o)

4 [m(wzf_ w2)] [cos(yt + B) — cos(wt + B)]
(40)




where A is a different amplitude. We can now see
what happens if ¢y — w.

We can see that the second term is indeterminate
of the form 0/0. Using LHospital rule we obtain

x(t) = Acos(wt + ) + tsin(wt + B)

(41)

2mw

which obviously increases in amplitude with time,
as can be appreciated in this other plot.



nel= Plot[3 Cos[2t] + 4 t«5in[2t], {t, @, 8P1}])
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As the amplitude of the oscillations increase with
time we are out of the realm of small oscillations.

So the question is: how far can we go assuming
small oscillations if we the external force vibrates
with a frequency close to the resonance frequency
of the system.

To that effect we assume a frequency v = w + ¢
where ¢ is small. We express the general solution
in complex form



x(t) = Aexp(iwt) + Bexpli(w + €)t]
= [A + Bexp(iet)] exp(iwt) (42)

The factor exp(iwt) completes a cycle in a period
27 /w.

Within it A + Bexp(iet) will vary little. Conse-
guently we can consider motion near resonance as
small oscillations of variable amplitude ( where the
amplitude factor is precisely A + B exp(iet).



If we call it C then C = A + Bexp(iet). We can
write A = aexp(ia) and B = bexp(if).

C = aexp(ia) + bexp[i(B + et)] (43)

and calculating the absolute value of C:

C? =a?+b°+2abcos(et + B —a)  (44)



showing that the amplitude varies with frequency ¢
between the limits

la—b < C<a+d (45)

This phenomenon exhibits an interference pattern
between two harmonic motions of slightly different
frequencies, perceived as a periodic variation in am-
plitude whose rate -of variation- is the difference of
the two frequencies.



In acoustics a beat is precisely the interference pat-
tern between two sounds of slightly different fre-
qguencies, perceived as a periodic variation in vol-
ume whose rate is the difference of the two frequen-
cies.

The figure shows the plot of two harmonic functions
of different frequency and amplitude separately and
then added. The blue curve has A = 1 and w =
12. The green curve has A = 0.7 and w = 10.
Plotted separately at the top. Their complex sum at
the bottom.
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Let’s find now a solution of equation (37) where the
force is a general arbitrary one F'(¢). To do this we
rewrite it in a complex form as:

d . N §
a(w + iwz) — iw(T + iwr) = mF(t) (46)

We can define then & = z + iwx converting the
above equation in

= jwE = 7 (47)



This is a first order equation which has for the ho-
mogeneous form £ = A exp(iwt) with A constant.

To find just one solution of the inhomogeneous equa-
tion we choose £ = A(t) exp(iwt). When plug into
(47) converting it into an equation for A(t):

A=T® i) (48)

From this

tF(t)

O m

A=

exp(—iwt)dt (49)



And then

£ = exp(iwt){/otF?S) exp(—iwt)dt + fo}
(50)

&o Is the value of £ att = 0. (50) is the general
solution of (47).

From there we can obtain x(¢) just using the defini-
tion of &, namely £ = = 4 iwx.



On a different note we can calculate the energy
transmitted to the system by the external force dur-
ing all time.

Using (50) where we take tg = —oo with {(—o0) =
Owent — oo

o0 2
£(00)2 = # ‘/_OO F(t) exp(—iwt)dt|  (51)

The energy of the system is



E = %(:1:2 + w?z?) = %m|§|2. (52)

from where using (51) we obtain the energy trans-
ferred during all the time that the action of the ex-
ternal field lasted.

E = % '/_O:O F(t) exp(—iwt)dt ° (53)



If the time is short compared with 1 /w, exp(—iwt) =
1 and then

p= 1 (/OO F(t)dt>2 (54)

 2m \J—oo



Modeling of multidimensional physical systems

The theory developed when extended to systems
with several degrees of freedom, is at the founda-
tion of the treatment of many real physical systems
in acoustics, molecular spectrography, vibrations in
general and coupled electrical systems.

Let’s extend the theory we just studied to the case
of multiple degrees of freedom. We assume that
the system, which has n degrees of freedom and is
described by n generalized coordinates g; is such
that its potential energy has a minimum at ¢; = q;o.



As we did before we expand the potential up to
terms quadratic in x; = g; — g;0. The result will
be a potential energy

1
U(z;) = 5 > kiziz (55)
il

where the sum is taken over the two indices. Due
to the fact that the potential is symmetric around its
minimum for displacements from it small enough,
its fair to assume k;; = ky;.



In Lesson 1, formula (57) we showed how using
generalized coordinates, which are in general dif-
ferent from cartesian ones, the general formula for
the kinetic energy contains a coefficient multiplying
the generalized velocities of the form a; ;(¢) as in

1 .
5 > a; (@) didy (56)
2,0

As we are considering only terms quadratic in ¢ we
can take a;;(q;) = a;(qo) = my and obtain for
the kinetic energy



1 .
> > mydid (57)
il

where we consider m;; = my;. The Lagrangian
then for a system undergoing free oscillations is:

1 o
L=3 > (mydidy — kywia) (58)
il

We cam simplify the calculation of the E-L equa-
tions just calculating the differential of L.



1 - S
dl, = 5 Z(milwidazl —+ milxldfffi — kilfﬂidiﬁl — kilwld:vi)
il
(59)
The subindices are dummy indices. We can ex-
change them and use the symmetry of m;; and k;;
getting

Co oL . oL
dL =) (my;di; — kyxyde;) =) ( 57 i £d$i>
1 7

(60)



and then

oL
= . Yk 61
o, zl:mzlxl 5’:1:2 Z gz (61)

All we are left to do now is to calculate the total time
derivative of the first term and the the E-L equations
are



Zmilil — Zkilxl =0 [ = 1, 2,....n;
[ [

(62)

These are n linear second order homogeneous dif-
ferential equations where the coefficients are con-
stant. The solution can be sought as before

x; = Ajexp(iwt) (63)



We plug in (63) in (62) and get

> (—w?mg + ky) Ay =0 (64)
[

Notice that A; is a vector and k;; — w?m,; a matrix.
(64) is a system of n algebraic equations.

If it has non trivial solutions (i.e. non zero) the nec-
essary and sufficient condition is that the determi-
nant of k;; — w?m,;; satisfies



S ki — w?my| =0 (65)
l

In linear algebra, eigenvalues and eigenvectors play
a fundamental role, since, given a linear transfor-
mation, an eigenvector is a vector whose direction
IS not changed by the transformation, and the corre-
sponding eigenvalue is the measure of the resulting
change of magnitude of the vector.



More precisely, if the transformation is represented
by a square matrix A an eigenvector V and the cor-
responding eigenvalue is X it must satisfy the equa-
tion AV = AV equivalentto (A\I — A) V = 0.

Where I is the identity matrix and we require V #
0.

From where it follows that the matrix A\l — A must
be singular (or degenerate or non-invertible).

For this the necessary and sufficient condition is
that

det M\ — A) =0



A; are the roots of the called characteristic polyno-
mial det (xI — A) which is of degree n is that is the
order of the matrix. These are called the eigenval-
ues of the eigenvector V.

(65) then is the characteristic equation, which is of
degree n in w2. In general it has n different real
positive roots w;2 where i = 1, 2, ...n.

It may be the case that some are the same.
The quantities determined by this equation w; are

the characteristic frequencies of the system (also
called eigenfrequencies).



The roots of (65) are positive for both physical and
mathematical considerations.

Once we find the frequencies solving (65) we sub-
stitute them in (64) to find A;.

If all the roots w,, are different (no repeated eigen-
values), the coefficients A; are proportional to the
minors of the determinant (65) with w = wy,.

The minor of a given element of a matrix (for a
square one of course) is the part of the matrix re-
maining after excluding the row and the column con-
taining the element.



If we call these minors Ay; then a particular solu-
tion of (62) is

Cljk(t) = AkaCa exp(iwat) (66)

where the coefficient C, is an arbitrary complex
constant. The general solution is just the sum of
all the n particular solutions. Of course we will take
the real part of it.



n
a=1 oY
(67)
where

WV, = Re [Cyexp(iwat)] (68)

Each coordinate of the system (near equilibrium)

can be represented as a superposition of n periodic

oscillations W1, W5, ...\, with frequencies given

by w1, wo, ...wn and arbitrary amplitudes and phases
(which depend on the initial conditions).



Normal Coordinates

Can the generalized coordinates be chosen so that
each of them undergoes one simple oscillation?

The answer resides precisely in (67). (67) shows
that given a set or arbitrary coordinates we need
to find another set of W, which can be expressed
as functions of the original generalized coordinates
such that the solution is precisely a linear combina-
tion of them (the eigenvectors).

These new coordinates also called the normal co-
ordinates express the motion of the system as a set



of simple independent oscillations.
(https://math.mit.edu/ jorloff/suppnotes/suppnotes03/las.pdf
or https://en.wikipedia.org/wiki/Principal axis_theorem).

These normal coordinates satisfy by construction

\.I.ja _I_ OLJ@Qwa — O (69)

The normal oscillations are thus independent. The
transformation (67) diagonalizes both the kinetic en-
ergy and the potential energy.



The Lagrangian is

L=Y) oéma (UJ% — waz\lJoP) : (70)

where m,, are positive constants. We have diago-
nalized both the kinetic and potential energy.

We can define a new set of coordinates where we
can eliminate the constants mq through an appro-
priate definition.



Qa = vVmWy (71)

making the Lagrangian then

1 .
L=23(Qa —w?Q2), (72)

The treatment of the situation is similar in the case
of repeated frequencies (so called degenerate fre-
quencies). In that case the solution will be a linear
combination of normalized coordinates which is not
unique (there are infinitely many possible combina-
tions as a result of the degeneracy).



Three dimensional Oscillator in a constant ex-
ternal field

We choose the origin of Cartesian coordinates at
the minimum value of the potential U (x, y, z).

1 . . . 1
L= Em(:vQ + 9% 4 2°) — §(k1x2 + koy? + k322)

(73)
and the normal oscillations take place in the z, vy, z
directions with frequencies w; = \/k1/m, wy =

\/kz/m, w3 = \/k3/m. For U = (1/2)]6?“2 the

three frequencies are the same.



Forced Oscillations with more than one degree
of freedom

The formalism just used above makes it simple to
generalize the analysis to the case of forced oscil-
lations in several dimensions.

The Lagrangian of the system can be described as
L=1Lo+ ) Fp(®)z (74)
k

where Lg is the Lagrangian corresponding to free
oscillations.



Changing to a system of normal coordinates we get

=23 (Q2 - wPQ) + Y fa(DQa,  (75)

where
A
fa(t) = Z(t) f_‘* (76)
and the corresponding equatlons of motion are
Qoz + WQQa — fOé(t)7 (77)

where each equation involves only one unknown

Qa(t).



Free vibrations of a linear triatomic molecule

Let’s look at a linear triatomic molecule.

m M m
T - i
X1 b > X2 < b > X3

Two masses m are located at each side of another
mass M at an equilibrium distance b from it.



Let’s consider vibrations in the same direction. We
will approximate the molecular forces as springs of
constant k. The equilibrium positions for each 7 par-
ticle are xq;

k k
V= 5(3?2 — 21— b+ 5(583 — 25 —b)? (78)
To simplify notation we can define

N = T; — TQ; (79)
Notice that

To2 — To1 = b = xp3 — T2 (80)



Then the potential can be written

k k
V= 5(772 —n1)% + 5(773 —n2)%  (81)

which can be written

k
V= 5(n% + 205 + 13 — 2m1mp — 2mon3)  (82)

The three independent generalized coordinates 71, 112, 13
can be represented as a vector and the elastic con-
stants as a tensor in the following manner



k —k O m
V=(771 72 773) —k 2k —k 72
O —k k N3

The kinetic energy is simply

T = —(m + 73%) + —772 (84)

Where the associated mass tensor is:

m O O
T = O M O (85)
O 0 m



Notice that the problem can be posed as the diag-
onalization of the matrix V' in the eigenvalue equa-
tion

V —w?T (86)
With the determinant O we get the secular equation:

det(V — w?T) = |V — w2T|
k— w?m —k 0
= —k 2k — w2 M —k
0 —k k — w?m

(87)




The determinant being equal to O gives a cubic equa-
tion in (w?)

w?(k — w?m) {k(M + 2m) — wQMm} =0
(88)

The roots are wqy = 0, wpy = /k/m

and ws = /£ (14 27).



Obviously wy; = 0 corresponds to 77 = 0 which
corresponds to a uniform translational motion (no
vibration).

There are not “three” degrees of freedom for vibra-
tional motion: one of them is a rigid body degree of
freedom.



Damped oscillations

To a great extent we have not considered frictional
forces in this course. In real life, frictional forces are
always present.

If the frequencies of oscillation are small compared
to the ones involving dissipative forces we can con-
sider that the net effect is the existence of a fric-
tional force that depends on the medium (which we
consider homogeneous) and of the velocity of the
oscillating body.



If the velocity is small the frictional force can be ex-
panded in powers of the velocity.

The zero order of course corresponds to the body
at rest, and then the first relevant order is linear in
the velocity.

We can then write the frictional force as f; = ax.

The equation of motion will be then:

mi = —kxr — ax (89)



Defining wg = k/m, the frequency of free oscilla-
tions and a/m = 2c where c is called the damping
coefficient we get

i 4 2ci + wiz =0 (90)

We want to seek a solution of the form x = exp(\t).
(90) becomes then,

A2 + 2c\x + w%x =0
which of course yields a quadratic equation in A

A2 42 A+ wi =0 (91)



The solutionis A1 o = —c = 2 — cuo which gives
us the general solution of (90) as:

x(t) = Aexp(Ait) + Bexp(Ast) (92)

There are two possible cases: 1) ¢ < wq

In this case X\ is complex and there two complex
conjugates values for it. The solution can be written
as:

x(t) = Re [A exp (—ct + 2\/(w8 — cz)t)] (93)

where A is an arbitrary complex constant.




Which when we effectively look at the R part gives

x(t) = aexp(—ct) COS ((\/wg — 02) t+ a)

(94)
where a and « are real constants.

The motion described by (94) is called a damped
oscillation.

A typical plot can be seen in the Figure.



inf1a= Plot[2E* (-8.5t) «Cos[6t+ 1], {t, O, 8},
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As it can be seen for the particular example of the
plot (where a = 2, ¢ = 0.5, \/wO—CQ =6,a=1
-how much is w?-) these are harmonic oscillations
of exponentially decreasing amplitude.

Notice that the frequency of oscillations /w3 — c?
is less than the free oscillations wg which would cor-
respond to ¢ = 0.

If ¢ < wq the difference between /w3 — ¢? and wq
is of second order. Compare the previous plot with
the next one.



VL



As it can be seen in the plot the damped oscillation
is almost unchanged over the period 27/, /wg — c.

When calculating the average energy, which is of
the form (1/2)ma2 + (1/2)kx?, over a period of
oscillation, they will be proportional to exp(—ct).

This implies that the mean energy of the system is
decreasing, due to friction, as

E = Egexp(—2¢ct) (95)

where Ej is the initial value of the energy.



2) ¢ > wp.

The values of X\ are both real and negative.

£(t) =A exp { [—c _ ( 2 _ wg)] t}
4 Bexp { [—c + ( 2 _ w8>] t} (96)

An example of this type of motion, called aperiodic
damping is plotted in the next plot where A = 2,
B = 1,c=2,andw8=3.



n22:= PLOt[2EA (- (2-Sqrt[4-3]) t) + LEA (- (2+Sqrt[4-3]) t)
AspectRatio » 1/ GoldenRatio]

Out[22]=

And finally, the last case,



3) c = wq

Then A\ = —c and the general solution is

x = (A + Bt)exp(—ct) (97)

This is a particular case of aperiodic damping.



Plot[(4+2t) EA(-0.5t), {t, -1, 8},



Parametric resonance

Parametric resonance is the resonance induced in
a non-closed system when one of the system pa-
rameters is a function of time and its external varia-
tion allows for the flow of energy into the system.

A good example is an induced change in the length
of a suspended pendulum.

We can assume as in the rest of this lesson a mass
m and a “force” constant k, where for example m =

m(t)



d, 3
E(mx) + kzx =0

With a change of variables dr/dt = 1/m(t)

1 d(m d x)+ kzr=0

mdr  mdr

which it is obviously

(98)



d?x d?x

and where w(t) = m(t)k.

This function characterizes the problem. We can
assume that it is a function with period T" and fre-
quency v = 27 /T.

This implies that w(t+T) = w(t), so that equation
(99) is invariant under the transformationt — t+1T..
If z(¢) is a solution so itis z(t + T).



Let’s assume that x1(¢) and z»>(¢) are two inde-
pendent solutions of this second order equation.

Then the most general solution of (99) is a sum of
both equations with constant coefficients which sat-
isfy the initial conditions.

Notice that this means that if we replace t by t 4 T
it is possible to choose a combination of 1 and x»
equivalent to a diagonalization of the system.

In particular we can choose them z1(t +7) =
p1z1(t) and zo(t + 1) = pozo(t).



The most general functions having such properties
are

p1(t) = p/THL (1),  ao(t) = p T HA(1),
(100)

where Hq(t) and H»(t) are periodic functions of ¢
of period T.

How are 11 and u» related?

We can multiply &7 — w?(t)z1 = O by 25 and #, —
wQ(t)a:Q = O by z1.



We then obtain that
T1To> — x1To = constant (101)

If in the expression above t is replaced by t + T we
will get an overall factor 1.1 o that needs to be 1 for
it to remain true.

pipz =1 (102)

If we assume that the coefficient in (99) is real we
can obtain extra information for 1 po.

If (¢) is an integral of (99) then x*(¢), its complex
conjugate must also be an integral.



This implies that either p; = pf 7 = 1,2 in the
posible combinations, or they are both real.

In all case it’s clear that |1 |2 = |uo|? = 1.

If they are both real the two independent integrals
of (99) are
p1(t) = pTH1(t), wo(t) = p~ /T Ha(t),
(103)
with a positive or negative real value of u (Ju| #= 1).

One of either function depending on |u| > 1 or
|| < 1 increases exponentially with time.



The system resting position (x = 0) is unstable.

Any minimal displacement will increase exponen-
tially with time: this is what is called parametric
resonance.

One of the differences with ordinary resonance is
thatif (¢t = 0) = 0 and (¢t = 0) = O the system
remains at rest.



Parametric resonance when the physical param-
eter departures slightly from a constant value

Let’'s assume that

w?(t) = w3 (1 + hcos~t) (104)
where wq is constant and h < 1.
For a reason that will become clear later let's pick
~v = 2w + €, where € < wp.
The equation of motion is now:

d2

T + wo[l + hcos(2wg + €)Jtz =0 (105)



This is a second order differential equation.

This differential equation is called a Mathieu’s equa-
tion.

It is a linear differential equation with variable coef-
ficients (which vary with a given period).
(http://audiophile.tam.cornell.edu/randpdf/
rand_mathieu_CISM.pdf).

A solution could be found of this form:

2(t) = a(t) cos(wg + %e)t + b(t) sin(wg + %e)t,
(106)



where a(t) and b(t) vary slower than cos and sin.

As we plug it in we could see that this is not an exact
solution.

But we want to keep only terms of first order in h.

For example terms that are of higher frequencies
like 2(wg + 1/2¢) may be neglected.

We substitute (106) in (105) and keep only terms up
to first order in ¢ and expect that the involved time
derivatives behave like @ ~ ea and b ~ eb.



Where we have products of the form
cos(wp + 5€)t - cos(2wg ~+ €)t these can be re-
placed by the sum:

cos(wp + %e)t - coS(2wqg 4+ €)t

= 1cosB( -+ 1 )t + 1cos( + 1 )t

— 5 WO 56 5 WO 56
(107)

and similarly, omitting terms which are 3(wg + 5¢)
and higher.



The result is:

— (2a 4+ be + %hwob)wg sin(wg + %e)t
+ (2b — ae + %hwoa)wo cos(wg + %e)t =0
(108)

But this is a linear combination of sin and cos equal
to O.

It could only be possible if the coefficients are also
0.



This then gives us two linear differential equations
of first order for a(¢) and b(t):

1
24+ (€ + Shwo)b = 0 (109)

: 1
2b — (e — Ehwo)a =0 (110)

We will seek solutions of the form a(t) o e*L.

1 1
sa—I—E(e—l—Eth)b:O (111)

1 1
sb — 5(6 — §hw0)a =0 (112)

(111) and (112) are compatible if:



171
s2 = 2 (Ehwo)Q — €2 (113)

Note that s is related to w in (103) by u = —es™/wo0,

We expect then s to be real (i.e. s2 > 0), so

1 1
Ehwo > € > —Ehwo. (114)

This is a range for parametric resonance on either
side of the frequency 2wg.



As it can be seen the range of resonance can be
quickly obtained by making s = 0 and then
€ = :I:%hwg.

The width of the range is proportional to A.

Parametric resonance also occurs when the frequency
~ with which the parameter varies is close to any
value 2wq/n with n integer.

The width of the range of resonance will decrease
rapidly with increasing n. And the amplification co-
efficient for the oscillation will also decrease.



In the case of the existence of frictional forces para-
metric resonance will still exist but the region of
instability will be narrowed down in relation to the
damping forces.

Damping goes as e~ *!. Parametric resonance will
be damped as (5=t where s is the solution cor-
responding to the frictionless case.

The limit of the region of instability is determined by
s—A=0.



With s given by (113) the range of resonance with
friction will be given by

1 1
_\/(Eth)Q — 4N’ <e< \/(Eth)Q — 42,
(115)

instead of (114).

Resonance is now only possible when h exceeds a
threshold value h;, = 4X/wg.



Motion in a rapidly oscillating field

We will consider now the motion of a particle in the
field of a time independent field (like we have been
doing so far) with the addition of a force

f = f1coswt 4+ fosinwt. (116)

This is a periodic time varying force.

We will assume that w, the frequency, is high (so a
rapidly oscillating field).



How high? a good measure is the frequency of
motion of the particle in the time independent field
alone.

Assuming that the period of that motion without the
force (116) is T then we assume that w > 1/T.

At the same time we will assume that the ampli-
tude v of the oscillations experienced in the motion
of our particle due to (116) is small, although the
magnitude of it is not necessarily considered small
compared to the force resultant of the action of U.



We will simplify our model considering 1-dimensional
motion dependent of the cartesian coordinate x.
The equation of motion in this case then is

mmz—aﬂ‘f (117)

We can safely assume due to the linearity of the
equation that the motion will combine a smooth tra-
jectory due to U and an oscillatory motion due to

f.

So we assume z(t) is of the form

z(t) = X (1) + (1), (118)



Let’s remember our claim that w > 1/T where T
is the period of the unperturbed motion.

The mean value of ¢ (t) over 27 /w is of course
Zero.

And in that time X (¢) will change little.

Then the average motion of the particle is T =
X (t) where the overall average is precisely the mo-
tion the particle would have taken if unperturbed by

f.



Substituting (118) in (117) and expanding in powers
of ¢ up to first order

2
mi +mip =~ D FOGH) s

dx
(1 19)

Notice again, that due to our assumption of a lin-
early superimposed effect the equation involve the
oscillatory and the undisturbed terms separately.

It is natural to have them separately equal then.

my = f(X,1); (120)



The other terms will include the oscillatory displace-
ments ¢ and are smaller in higher orders.

Although we need to consider that ) « w? which
due our original assumption is not small.

Integrating (120) with f given by (116) we get

f
= . 121
- (121)
Next we calculate the time average of (119) respect-

ing the considerations we made before.



The implications are that the mean values of the
first powers of f and ¢ are zero, so we get
dU of dU 1 Of

X = - - = — —
" dX T ¢8X dx mw2f8X’

(122)
a result which involves only X (t).
The “effective” equation is
y aU,
mX = ——<If (123)

dX



where the “effective” potential energy is

r2 2 2
b=+ T BB

2mw? Amw?
When calculating the average of the time derivative
of ¢ from (121) we obtain

bt (125)

mw
thus the final result express the fact that the added
term in (124) is the mean kinetic energy of the os-

cillatory motion.

(124)

Uesp = U+%mﬁ. (126)



The result we obtained here is that the motion of the
particle averaged over the oscillations is the same
as if the potential U was augmented by a quantity
proportional to the squared of the amplitude of the
oscillatory field.

This result can be generalized for an arbitrary num-
ber of degrees of freedom using generalized coor-
dinates.

Of course the coefficients of the average amplitude
of the oscillatory field are not necessarily the mass,
although there are the coefficients of the square of
the generalized velocities in the kinetic energy.



