Classical Mechanics 2026
Lesson 7: Rigid Bodies



Rigid Bodies

How do we define then a body that is extended in
volume and it is solid or rigid?

We can think of a system of many particles, which
keep their distances among them constant.

Of course solid mechanics could be treated within
the framework of continuous media.

Think of properties like elasticity, compressibility, and
similar characteristics of extended bodies.



But we will treat a rigid body as a system of par-
ticles which retain their relative distances constant
throughout motion.
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To describe the motion of a rigid body we will use
two coordinate systems.

A ’fixed” (inertial) system X, Y, Z and a second one
attached to the body =1, o, x3.

The other thing to do to develop the theory of rigid
bodies is to go from a sum of the particles to an
integration: i.e. from > > m to pdV, where p is the
density and dV a differential of volume for the ele-
ment we are considering.

The z1,xo,x3 system is located at the center of
mass of the rigid body we are studying.



The orientation of the axes x1, x5, x3 respect to the
x1,To,x3 System is given by three independent an-
gles.

These together with the 3 components of & gives a
total of six coordinates.

A rigid body is a mechanical system with six de-
grees of freedom.

We can now consider an arbitrary infinitesimal dis-
placement of our rigid body under study.



We can describe it as a sum of two components:

1) A translation of the body as if it were a point like
particle with its entire mass positioned at its center
of mass, and,

2) an infinitesimal rotation of the body itself around
its center of mass.



If 7 is the vector of any point P located in the rigid
body from the co-moving system of reference, R
the vector of the same point from the external sys-
tem of reference X, Y, Z, then an infinitesimal dis-
placement dR of P consists of a displacement dR
of the center of mass plus a displacement dé x 7

relative to the center of mass.

This latter one is the result of a rotation through
an infinitesimal angle d¢ around and axis passing
through the center of mass.

dR = dR + d¢ x 7 (1)



If we take this equation and consider it in a differen-
tial of time dt we will have

dR dR - d .

— =9, — =V, —¢:Q, (2)

dt dt dt
T=V+QUxT, (3)

V is the velocity of the body center of mass and
also the translational velocity of the body itself.
is the angular velocity of the body. Its direction, that
of dé is along the axis of rotation.

The velocity of any point of the rigid body can be
expressed as a sum of its translational velocity V
and its angular rotation.



Uniqueness of Angular Velocity

Let’s assume that the {x1, x>, z3} coordinate sys-
tem is not at the center of mass.

The position of the origin is of this system, O/, is
given by the vector a from O.

Let’s call the velocity of O’ V'’ and the angular ve-
locity as measured from O/, <V'.






Pick a point on the body P identified from respect
to O’ by a vector # such that

so we get

But at the same time we have in O’ that
o=V 4+ x7 (6)
But eq (5) is compatible with (6) only if
Vi=vV4+Qxa Q=0 (7)



At any instant the angular velocity of rotation
of a system of coordinates fixed to the body is
independent of the particular system chosen.

All rigid bodies rotate with one unique angular ve-
locity €2 regardless of the coordinate system inside
the body chosen to describe it.

Any €’ calculated from a system of coordinates not
coincident with the center of mass of the body will
be parallel and of the same magnitude to the one
calculated from the center of mass system.



If at any point it happens that Vis perpendicular to
2 then any V/ will also be perpendicular to 2’.

From equation (3)
T=V+Qx7

we can see that the velocities v for all points in the
rigid body are perpendicular to .

We can then choose a system with origin O’ such
that V' is 0.



In that case the motion of the body at the instant
considered is a pure rotation around an axis through
O’

This is called the instantaneous axis of rotation.

In that case, of course, the origin of the moving rigid
body is at the center of mass of it.



The Inertia Tensor

We can calculate the kinetic energy of the extended
body, considering it as a system composed of a dis-

crete number of particles:
1l 5 1 oo 2
T—Zimv —Zim(V—I—QXT)
<1 5 1 o 2
—Zam\/ +Z§m(§2><r)
+3Y mV-Qx7 (8)



With >~ m = u and taking into account that
Zm‘? Q x Zmr V x Q
—VXQ-mer—O (9)

where >" m7 = 0 because it is the radius vector of
the center of mass and we have picked our coordi-
nate system centered there.

Also using
(ﬁxf’)zz(ﬁx ")-(ﬁxf’)
= |2 x 7° = Q%r?sin?6  (10)



where 6 is the angle between 2 and 7 and writing
it as sin20 = 1 — cos2 @ when used in (10) gives

= N,
2 x 72 = Q%r? — Q2r? cos® 0 = Q%r? — (Q - 7)

(11)

The kinetic energy then can be expressed

T = %WQ 4 %Zm (Q%Q - (S F)Q) (12)

where %MVQ IS the translational kinetic energy.

The second term is kinetic energy of rotation with
angular velocity €2 about an axis passing through
the center of mass of the body in question.



We can write this term in tensor form:

1
Trot = 5 Z m (Qizxiz — szzﬂkwk)

1
=5 > m (Qz‘deL’kle - Qﬁk%ﬂ?k)

where €2, = §,.€2;. and in 3 dimensions
1 0O
dr=10 10 (14)
O 01

I;;. 1s called the inertia tensor:

Ly = > m (a76;, — wiwy) (15)



Then, in general the kinetic energy of rigid body un-
dergoing translation and rotation can be written as

1
T=_uVe+ Izkﬂ Qy, (16)
and the complete Lagrang|an function is
1
L= E,uVQ + Isz Q. —U (17)

and

L, = Iy (18)



i.e. the inertia tensor is symmetric.

1;
Sm(y? 4+ 22) - Y may — Y maxz
= —Smyr  Ym(z?4+22) - Y myz
— Y mzx ~Ymzy Y m(z? + y?)

(19)

For a continuous body we can generalize the defi-
nition formula (15) to

where p is the density of body in question and the
integral is performed over the entire volume occu-
pied by it.






The inertia tensor is a symmetric tensor of rank 2.

It can be reduced to diagonal form by an appropri-
ate choice of coordinates.

When the tensor is diagonalized the axis will result
aligned with the principal directions determined by
the new coordinate system.

In that case the axis of symmetry of the body in new
system are called the principal moments of inertia,
Iy, 12, I3.



In a case like this
1
Trot = 5 (097 + Q3 +1303)  (21)

None of these principal moments can exceed the
sum of the other two.

For example we can see that
I + I» =Zm(x%—|—x§+x%—l—x§)
> om (o +28) = I3 (22)

A body with I7 % 15, 11 # I3 and I» #= I3 is called
an asymmetrical top.



If any two of the principal moments of inertia are
equal it is called a symmetrical top, and if all mo-
ments are equal it is called a spherical top.

Examples
Example 1:

a) Using equation (20) write the inertia tensor for
the 2- D rigid rotator pictured in the previous Fig-
ure. Notice that you will obtain a matrix with all the
entries different from zero and in terms of cos and
sin of the angles involved.



b) align the rotator in such a way that it can rotate
with its axis being any of the coordinate axes (i.e.
x,y or z) and show that the moment inertia around
that axis is ml/12 where m is the mass of the rota-
tor and [ is its length.

c) If

cos¢gp sing O
M= | —sing cos¢ O (23)
O 0 1



and

1 0 O
N=1]1 0 cosf sind (24)
O —sinf cosé

Then MNIN—1M~1 = I’ where I is the rota-
tional inertia obtain in a) using formula (2)) and I’ is
a diagonal matrix.

mil2/12 0 0
I = 0 ml2/12 0 (25)
0 0 0

In the case that the axis of rotation doesn’t pass
through the center of mass we would have



equivalent to

So we get

2
ng = Zm (:1:2 Ojf — azgw;c)
which when we use (27) gives

I, = Lip + 1 (a6, — aay)

(26)

(27)

(28)

(29)



Example 2

Determine the principal moments of inertia for the
following molecules:

a) A molecule made of collinear atoms.

l12 23




1
H=Ih==) mamblgb (30)
K a#b

and I3 = 0 where u = > ,mq. In the particular
case of a diatomic molecule

11:]2: l2=ml2 (31)

where m is the reduced mass.



b) a triatomic molecule forming an isosceles trian-
gle.

y

m @ ¥ ® m

The center of mass is at x5 = moh/u, where p =
2m1 + mo the total mass of the molecule.

Then Iy = 2mimah?/p, I = (1/2)mya? and
I3 = I1 + Io.



c) a 4-atom molecule forming an isosceles triangle.
The centre of mass is at zo = moh/u where h.

Ii = I, = 3mimoh?/p + %mlaQ and I3
mia?.

If m1 = mothen h = /2/3a and I[; = I, =

3m? 5
°omi2 24 1 2 __1 2 1 2 __
Zm; 3¢~ T 3mia 5mia© + smia” = I3.



Angular Momentum of a Rigid Body

The value of the angular momentum of a body de-
pends on the point respect to which it is defined.

The most convenient one is the center of mass of
the body. We will call it M.

And when we use it we will be considering the in-
trinsic angular momentum resulting from its motion
relative to the Center of Mass.



In M = S m# x ¢ we will replace @ = €2 x 7 to
obtain

M=% mixQxi=3Y (r’Q-# Q)
which in tensorial notation is
M; =) m(a:lQQi — x;xL)
=, > m(afdiy — zizy) (32)

which using the definition of the inertia tensor be-
comes

M; = I;pS2y, (33)

And if I is in diagonal form



My, = 1121 Mo = 5825 My = 13823
(34)

For a spherical top
M =1 (35)

Conservation of angular momentum means that when
we have a free rotation (no translation) it will hap-
pen in a plane about an axis perpendicular to it.
This is easy to visualize for a spherical body or a
rotator.






The symmetrical top

In the case of a symmetrical top we will take ad-
vantage that the principal axes of inertia x1, x> (the
axes perpendicular to x3, the axis of symmetry of
the top) can be chosen arbitrarily.

We will take then the x5 axis perpendicular to the
plane containing M and the axis .

Then M, = 0 and 25, = 0.



This implies that M and 2 are instantaneously on
one plane.

Which itself implies that & = 2 x 7 for every point on
the axis of the top is instantaneously perpendicular
to that plane.

The axis of the top rotates uniformly around the di-
rection of M, describing a circular cone:
this phenomenon is called a regular precession of the top.

Additionally the top rotates uniformly around its axis.



The angular velocity of the top is just
M M
Q3 = S = (—) cosf
I3 I3
We can see that
Qp'rec S|n 0 — Ql
and due to the fact that

M M
Q1 = Tl (—) Sin 6
Iy Iy

M

Qprec — 1_1

(36)

(37)

(38)

(39)



The equations of motion of a rigid body

A rigid body has 6 degrees of freedom, in general.
So we have 6 equations of motion.

The total momentum of the body is

P=Y p=uV (40)

The total force acting on it is

F=YFf (41)



and

o (42)
dt
with, in general
L (43)
OR

where differentiation takes place with respect to the
body’s center of mass.



When the body undergoes a translation § R there is
an associated change in potential energy

oU

oU =5 —-or
2 %7 ({;
— U — — — —
T
(44)
In the language of the Lagrangian formalism
d (OL oL
=i
dt \oV OR
for the Lagrangian

1 5 1



and the Euler Lagrange equations are

L —> L —
8—_m/ p, L __ U _p (47)
oV OR OR

To write the equations of motion for the momentum
we choose a fixed inertial frame of reference so that
the center of mass is at rest instantaneously.

dM D Lo

7 dt(ZrXp) ZTXp—I—ZrXp
(48)

Our choice is the frame of reference where V = 0

with V the velocity of translation of the center of
mass of the body.




This implies that at the same time » = ¢/, and since
¥ and 7 = md are clearly parallel, ¥ x = 0 and
replacing p for the force

— =K, K=Y 7xf (49

M has been defined as the angular momentum re-
spect to the center of mass (intrinsic angular mo-
mentum).

It will remain the same when calculated from an-
other inertial reference frame by Galilean Relativity.



The vector 7 x fis called the momentum of the force
and K is called the total torque. It includes only the
external forces.

if we move the origin such that the position vectors
change from 7 to

P =7—a (50)
then the torque

K=Y 7xf=Y#xf+Yaxf (51)
and

K=K +axF (52)



Equation (49) can also be interpreted as a Lagrange
equation

dOL  OL

—— = (53)
dto2 0o
for a rotational coordinate ¢;. And
OL
= [,.2;. = M, 54
o, Tk i (54)

Then



from where we can easily see that

K=-"5 (56)
O¢
so that
oL _ Y _ g (57)
O¢ O¢

If F and K are perpendicular we can always find @
such that £/ = 0 in the following equation

K=K +a (58)

The choice, of course, it is not unique.



When K is perpendicular to F the effect of all the
applied forces can be reduced to that of a single
force acting along this line.

Example: a uniform field of force in which the force
on a particleis f = eE. Then F = E Y €and
K=Y erxE. (59)

Assuming > e # 0 we can define a radius vector
7o such

Ser
>e

(60)

7o =



and then the torque is then simply

—

K =7y x F. (61)

in a uniform field, the effect of the field reduces to
the action of a single force F applied at the point
whose radius vector is 7.

The position of this field depends on the properties
of the body (i.e. density and geometry).

In a gravitational field such point is called the center
of mass.



Euler angles




The six degrees of freedom of a body can be bet-
ter described by the three coordinates labeling the
position of its center of mass and 3 angles which
determine the orientation of the axes 1, x> and z3
in the moving system of coordinates relative to the
fixed system X,Y, Z.

These angles are called Euler angles.

The origins of our systems z1,x>,x3 and X,Y, Z
coincide.



The moving z1z>-plane intersects the fixed XY-
plane defining a line called the lines of nodes ON
in Figure.

This line is by construction perpendicular to both
the Z-axis and the z3-axis.

We take the positive direction of this line of nodes
as that of the vector defined by z' x 3 where these
vectors are unit vectors along their respective axes.

Then we take as the angle defining the position of
the axes x1, xo, x3 relative to the X, Y, Z the angle



0 between the Z and x3 axes, the angle ¢ between
the X-axis and the line ON and, the angle v be-
tween the x1-axis and the line ON.

The angles ¢ and ) are measured around the Z
and x3 axes respectively in the direction given by
the right hand rule.

The angle 6 takes values from O to 7, and ¢ from O
to 2.

We can now express the components of the angular
velocity vector €2 along the moving axis x1, x>, x3
in terms of the Eulerian angles and their derivatives.



To do this we need to find the components along
those axes of the angular velocities 6, ¢, and

) @b:is in the direction of the z3-axis.
i) ¢ is in the direction of the Z-axis.
iii) 6 is in the direction of ON.

The components along the x1, x5, x3-axes are
) 07 = O cosy 6> = Osiny

i) p3 = pCOSO  H1o = PsSind

with ¢1 = ¢sin@sin+y and ¢o = psin 6 cos
and 1 entirely along the z3-axis.



This would give for €2
Q1 =¢sinfdsiny + 6 cosy
Qo =¢sinhcosy — Bsiny (62)
Q3 =¢ cosh + )
The rotational energy was already obtained in for-
mula (21)
1
Trot = 5 (097 + Q3+ 1303) . (21)

If we calculate the principal moments of inertia of
the body along the x1, 5, x3-axes we will get:



For a symmetrical top where I{ = I, # I3

Tpor = %Il (52 sin? 6 + 92) + %13 (dcost+ )’
(63)

This can be further simplified for a symmetrical top
using that {z1, x5} are arbitrary.

We can take x; along the line of nodes ON.

Then ¢y = 0 and we obtain

Q1 =06, Q=4¢sinh, Q3= ¢cosl+
(64)



Let’'s now determine the free motion of a symmetric
top.

We take the Z-axis in the direction of M, z3 along
the direction of symmetry of the top.

x1 by construction is on the line of nodes ON.
Then

M, =111 = 116
Mo =152 = IlqﬁSiﬂ 0 (65)
M3z =133 = I3(¢ Ccos 6 + ¢)



Since x1 is perpendicularto Z § = 0 and § = 0
we get

My =0,
Mo =M sin6 (66)
Mz = cos o,

6 =0, Ii6=M, I3(¢pcosh—+))= Mcosé

(67)
where 6, the angle between the axis of the top and
the direction of M is constant.



The velocity of precession is given by second equa-
tion in (67)
: M
= — 68
=T (68)
and the angular velocity with which the top rotates
around its axis is

M
Q3 = — cos¥b (69)
I3



Euler’s equations

The simplest relations between the components of
the rotational angular momentum of a rigid body M
and the components of the angular velocity can be
obtained in the moving coordinate system of axis
x1, o, x3 attached to center of mass of the body.

Let’s transform the equations of motion to coordi-
nates x1,xo, 3.

The time derivative of a vector A (constant respect
to the fixed system) is dA/dt = Q x A.



i.e. A changes only due to the rotation of the body.

But in general would be

dA  d'A

=" 4 OxA 70

dt dt + (70)
where d’/dt measure the rate of change respect to

the moving system. Using (42)
dP -

= F 472
— (42)
and (49)
M_R,  R=Y#xf (49)

dt



dP . .
— 4+ Q2 X
dt T dt

+Qx M=K
(71)

el
I
Y

Taking the components of the equation above re-
spect to =1, zo, 3, and replacing P by uV we get

dV-

1 <d—tl + $2oV3 — Q3V2> = I,
dV-

u (d—j +Q5V; - le3) - (72

dV-
p (d—tS + €21 V5 — Q2V1> = F3



If the axes 1, x5, x3 are the principal axes of iner-
tia we can put M1 = 1271 and get

424
Ild— + (I3 — 12)22023 = K7,
1,32
= + (I1 — 13)232; = Ko (73)
425
13d— + (I —11)21925 = K3

In a free rotation X = O.



Example

For a symmetrical top, I; = I and from the third
equation in (73) we get €23 is a constant. Then

Ql = — w2 (74)
Qo = w2 (75)
where
L Q3(Iz3 —11) (76)
Iy

Multiplying (75) by ¢« we can group both (74) and



(75) as follows

EBTER) _ @i +i)  (77)
differential equation which has as a solution
Q1+ 12> = Aexp(iwt). (78)
which gives the real values
Q1 = Acos(wt), (79)
Qs = Asin(wt). (80)

with A a real number.

This shows that the component of the angular ve-
locity perpendicular to the axis of the top (x3) ro-



tates with angular velocity w with constant magni-
tude A? = Q% + Q3 where

Q% = A? cos?(wt), (81)
Q25 = A?sin?(wt). (82)

Since Q25 is also constant 2 rotates uniformly with
constant velocity w around the axis x3.

M has a particular relationship with €2 given by
My = 11821, My = [>825 and M3 = [3523 SO
the angular momentum M executes a motion simi-
lar to the axis of the top.



In terms of the Eulerian angles the angular velocity
of M about the x5 axis is the same as —1).

From equation (67) in the section Euler angles

0 =0, I1p =M, I3(dpcosfd+ 1) = Mcoso (67)

we get
: : 1 1
Y = M cosb — ¢ Ccosf = M cosb (— — —) :
I3 I I
(83)
or using (69)

Iy



