
-ercantingtheaccuratearest
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theequation:
·

E-ENE =(*,x*, 406)
is a further confirmation that
I the action function is ar
- I

adierbatic invariant

So (9, I,N) is a periodic function

off. Eventually when so increased

be n2πl q
returns to its original

value

this derivative
X =(x)a. is single valuedthough



This is because the derivative

is at constant I and the

changes in I do not appear.

A is a periodic function
when expressed in fees of

W

The mean value, one a period,
ofA, being periodic is 20.
Lo

=-Cz =

0

shoving
it again that I is

an adiabatic invariant.



Looking
at

REF-MNEECEANI.NaNrI
hereenber w =(x), is the
orillation frequency
Let consider No and Nt
where No = lien

to

NC
- of

NCtNt = lien
t-too

I. is the value of I(X .)

It N -avI(X+)

Ibe we can calculate Al



x I = - 10cdt,a
N is a periodic function of W
with period 2π.
we can expand in a

Fourier

serig

x=2 viewal (07)
l=-00

his real - Ae= A*
Tlex

-two it ciron
= The recienthe (100)

when all
at
is sufficiently small -to



ANTo 1
i.@
W is a morotoxic

function of time

changing free
at todu

Al=-food deaW cog

Using (N=2ReCleithhel =s

in (109), treating w as a

complex variable

Assume no real singular the
end follow a path integrations
in the couple place



meronContour Integration
(line integrals in the complet
place)

contour integration is a method

of evaluating certain integrate idlory
paths in the complex place.
<Calculus of verides, launder
infgoal for vulal
H f(t) = x(t) + iy(t)

b

jf(+)dt =(3xc+at + i(y+)d+
f: < - i (on a cenve j

IfcHd = 1f(UC+) det



Eple s Y

6. I o **
tane (z1 =1 -> E(+) = eit

t - [0,2π]

:init
of Im = 1xietat=: 1at = 24i
2

Example 2

-

180ex Let's loom at

-f(t) =1 singutentie
( + 112 at; and - i



Choose a contour that will

exclose the real valued integral

,
of. f(x)d = 1efcEldtorfcIdE
1fctIe=0,fctId-SarefCHd
Observe that

f(x) =c =FCzvic
In the contour fee only singularity
is at

it



f(z) =Fi)
- I
(z - i)z

bring Caucher method

o fc+dz =0dt =2πi=
= 2π:[i)3]

==
=

netane the divinative because it is

a second order pole.
or the other Lawl

Paracuda ML

in upper
bound of f(H=1

LE2+1)2

along the arc and (the length of
the enc d



L = aT

M = 12
So Safari 1= , -8000

100 1,pe =18f(z)d+ =

I him If(x) Mz=2
Af



newo=-foon of twoin
We can assure there are no

singularitis or real W and

integrate off the real axis
into

half place of the complex variable.
The contour could contain

the singularities in the integrand

wizmaounterprete



Let wo be the singularity
closest to the real axis

Principal contribution to (110)
comes from the meipleher hood of
this point.
Each the in (108)

T 21 ; 1eiDNN (I
l =1

give a contribution containing
a pector exp)-IimNo)
Retaining only the desen with
the negative exponent of

devalent

magnitude (lowest1
Alwexp(-imwo) (((2)

to esche WCtr) =Wo



the order of magnitude of the
exponent
Ho)rZ I charaderitic

timeof variation

of parameter.
-A inNor 16 rof
face 2 3T

, exponent is large
Al decreases exponentially
as the rate of variation of
parametes decoders.

To determine No in first

approximation with respect to/
i.e. We keep only a ') in the

exponent, we out in

diU-w(I,N) +cwx



the turn orie

d =w(I,d()
I in w(I,N) has a fixed value

i.e I-

↑lear

Wo =Yo (I, N(l) out
There
Al=1*otrate
r

becomes

Alvi/icinx (113)



the singularities in question
are the pole and branch points
of i (t) and Mw(t)
Reminder: We aier II is

onentially scall because we
assume thee fections here no
real singulen his.



conallyrenodic
orin

with over # of degrees of
freedom, executing a motion
finite in all the coordicated

and assure that we can separate
variable as in H-J formalizer.

So

so = [fice:) (((n)
also pi = 280 -asi (115)

so

Si =(pief: (116)

If po cycles on



AS0 =ASi = 2πIi(K)

with Ii= ofid (10)

Let's do a canonical transfer
Nation

=So now o
C runey veriable

-

dETO dUvi=
-I j

we get
I = content (19)

Wi = CEC+ + comto (1z0)



A cycle in go correspond
to

A Wi =2π (121)

Substitution of E. (p. 3) in wi(a, I)

givs wi(p. g) which was very
by xIT

Any function F(p. 7) of the state
of the system, it expressed in the
of the canonical varidels, is a

periodic function of the angle
·ridle, and the period in cal

variable is 2. So we can expound
F =50... 200 Ae. lz...1,expTi(e,w, +..tesws]

(v=-00 1s=-00



where r,
.
. .

, Is are integers
We ->Iwe get

I-40 Ae. en..esexp3it.* +--early
=-00ls=- 00

(122)
Each team in the see is a veride
frcle of hue with frequencer
lw,+... + lsws(123)

which is a tee of integral weteples
·

of the fundamental frequesis
wi =z (124)



the motion is not strictly periodic
as a whole or in or coordinate

The tan does not return to a
sys

given
state in a finite period of

time. But it passes arbitrarily
closed.

-ouallyperiodic
In theme cases 2 or lose fundamental
v; are concursurate for values ofFi
- degeneracy. If all of ther
are is - cover plate degeneracy.
If I freques out, it we stre

CE
r.-
2I1

-uzz(125)
I, and it appens ex M2Ith IR



An important property of
degenerate motion is the increase

in the numberof our-valued
integrals of motion ore the
number of a non-degenerate on
i.e out of 26-1 I only s

function of state are l-valued
the s quantitie.Fi
the remang 5-1 integrals

wist-War (126)

when that's the care

although
W.nz- Wany

is not one valued it is so



by the addition of an arbitrary
integral multiple of 2π.
An example is U =- C-

2

there is an additional

-x +c
p

bride and E. Cz-d problem)
Note: additionally degenerate
-

votions allow a complete
-

orsuperale of variable for veneral
choice of cordinates

When defrared owns
the

make of one-valued integrals
exceeds s and

there is no lumper
choice of IP-



An example Keplerian
motion a parabolic coordinate

as well as spherical

We already saw that the octor

variable I is an adiabatic

invariant. True for more than
I-degree of freedown
In a utidimensional syster
with NCH) FOM in canonical
variable girl

n-E=Gcical
The A is a unique freeter
OfW; and the mean valueof, -0



-imple

Calculate the action
variable for elliptic motion

SoirVETI
2π

Ip = In 10 podd = M

In=2 graare-dr
=-M

+xx
The energy as a faction of I. is



E =

cTI
egenerate (depend onthe Jun
the 2 fundereal frequess
in r and coincide (n=
Parameters

p= thead paredi
are

2

p = to0 = 1-(O
Luce In Iare adabate
inenients if a un varies slowly
a remans unchanged, its demeren
vare You.


