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The Electromagnetic field strength tensor

The electromagnetic field strength tensor can be written:

0 —E -E -E;
| B 0 B B |
fw=1g B, o B |~ fw

E; B, -B 0

Maxwell’s equations

V x B — 0,E = (1)
V-E=p (2)
VXxE+dB=0 (3)
V-B=0 (4)
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In component notation:

9By — DoE' = J' (5)
OE = J° (6)

O Ex + 8oB' =0 (7)
9iB'=0 (8)

Notice that JO is the charge density.
So J¥ = (p, X, J¥, J?).
Also notice that F% = E/ and F¥ = kB,
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Exercise: Using the definitions prove this is true. But this means that we
can write (5) and (6) as:

OFT — 9oF% = J' (9)
O;F% = J° (10)
and then combined:
O F"™t =J" (11)
And (7) and (8):
OluFun =0 (12)

Exercise: Prove (11) and (12). Hint: use that

a[uFu)\] = 8MFV)\ + a)\Fuu + 81/"—)\“ =0 (]_3)
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Describing the momentum and energy in a fluid

The physics of the Classical Mechanics of the XVIII century is an analysis
of the kinematics and dynamics of point like particles. The XIX Century
succeeds at treating the physics of gases as a collection of particles
through the development of thermodynamics. Following on it is the
treatment of fluids in a classical context. A model similar to the ideal gas
is the concept of ideal fluids.

What is an ideal fluid? An ideal fluid is an ensemble of a “zillion” of point
like particles that is incompressible (you can not decrease its volume by
squeezing it) and shows no internal resistance to flow (zero viscosity). We
also assume that for an ideal fluid its particles do not rotate.
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Let's attempt to build an equation of motion for such a fluid within the
framework of Newtonian Mechanics: let’s consider an infinitesimal fluid
element like the one depicted in figure. According to Newton's second law,
the mass of such a fluid element times its acceleration should equal the
net force acting on that fluid element.

If we take an element of unit volume, then we have

pAxAy

V 1

[p+Ap/A2)Az] AxAy
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A fluid element undergoing pressure in all directions will satisfy
pd=f. (14)

where f is the force per unit volume acting on the element and &'is the
acceleration of the fluid.

where f is the force per unit volume acting on the element and &'is the
acceleration of the fluid.

This force may originate in different manners. Viscosity would constitute
an effective force dissipating energy through friction. But we already
decided to ignore it in the case of a perfect fluid. Gravity or
Electromagnetic forces could also be acting due to the presence of external
sources and depending on the existence of electric charges associated with
the fluid. We would ignore external sources for now. The main force we
like to consider is the one due to pressure gradients within the fluid.
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We can analyze its behavior in this manner:

Following the figure we can observe that in the z direction there is at the
top of our infinitesimal element a pressure pAxAy while at the bottom
the value is [p + (Ap/Az)Az|AxAy = [p + (0p/0z)Az]AxAy.

The difference is

pAxAy — pAxAy — (0p/0z)AzAxAy = —(0p/0z)AzAxAy.

We can repeat the calculation in the other two directions and the result is

D
pa’:f’:—af:i. (15)

or in vectorial notation
pa=—-Vp (16)
Now we need to properly calculate the acceleration of the particles in the

fluid. This is a crucial point in Hydrodynamics.
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Even if we have a steady flow field for a fluid, it may still experience
acceleration due to moving to a position where the velocity field has a

different value.

Precisely due to this fact is that the acceleration of an element of the fluid
at point X at time t is not just OvV/0t. The reason is that the element is

at that position only instantaneously. So the way to find the correct

expression for the acceleration is to realize that an element at a position X
at time t will be at a position X+ Vit at time t + §t. Consequently the

change in its velocity in the interval dt is

IR+ 08) — U(R.0) = Tt + St + St + e

which dividing by dt and taking the limit for dt going to 0 gives

V(X vot) — V(X, t
im V(X + vot) — v(X, t)

=3
6t—0 ot
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and then
ov ov ov ov oV

azavx—F@Vy‘FEVz‘FaEg‘i’(v'v)v (19)

We now have an equation of motion for our fluid (notice that even if at a
given element 0V/0t = 0) we still have acceleration. The resulting
equation is called the Euler equation:

p [gz +(V-V) \7} = —Vp (20)

This equation and the equation of continuity are the equations of motion
describing the flow of a non-viscous fluid.
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The energy momentum tensor of a fluid

We learned with Special Relativity that we needed a 4-dimensional
formalism to develop a covariant formalism of Classical Mechanics
invariant under Lorentz transformations. In this manner we used a
4-dimensional momentum which incorporates the energy density as a time
component added to the traditional space components.

A single momentum 4-vector is not enough to describe the energy and

) ) ) ) 2 )
momentum in a fluid. We will define a < 0 > symmetric tensor, TH,

called the energy-momentum tensor or stress-energy tensor. It provides all
information we need such as pressure, stress, mass and energy density.
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The general definition is the following: "it is the flux of four momentum
pt across a surface of constant x*”.i.e. T is the flux of p® across a
surface of constant x°, i.e. the energy density in the rest frame of the
fluid. and in identical way T% = T'0 is the momentum density in each
spatial direction. T is the stress. Off diagonal elements represent
shearing terms, like the ones due to viscosity. A diagonal term like T1!
gives the x-component of the force being exerted per unit of area by a
fluid element in the x-direction: this is the x component of the pressure
px- In general it has three components (no sum here):

pl =TI (21)
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Dust

Non interacting matter (like stars far from each other or galaxies, or a very
low pressure gas) can be (one of the quintessential objects loved by
physicists) dust. The four-velocity field U¥(x) is clearly going to be the
constant four-velocity of each particle. If we define the
number-flux-four-vector to be,

N¥ = nU", (22)

where n is the number density of particles in the rest frame. NO is the
number of particles measured in any frame (!), while N is the flux of
particles in the x' direction. If each particle has the same mass, in the rest
frame the energy density of the dust is given by:

p=mn, (23)
Noticing that N* = (n,0,0,0) and p* = (m,0,0,0) we define the energy
momentum tensor of dust:

T = p*NY = mnU*U” = pU*UY, (24)

dust
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In the rest frame of the fluid it is:

p 0 0 O
0 00O
(L
Tdust - 00 0O ’ (25)
0 00O
A more general form will be:
T = (p+p)U"U” + pn"”, (26)

A non zero pressure perfect fluid, can be written in a more general form, in
the rest frame of the fluid:

p 00 0

, 0 p 0O

™=100,0| (27)
000 p

where a general perfect fluid is defined by a equation of state p = p(p).
Examples are p = p, a stiff fluid, p = 1/3p a photon gas, or the
cosmological constant p = —p.
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There is a nice compact way to express conservation of momentum and
energy with the energy momentum tensor.

8# THY — T‘“’,M =0, (28)
For a perfect fluid:

OuTH = Ou(p+ P)UFU" + (p + p)(U" 0, U"+
U9, U") + 8" p. (29)

(Note: 0"p = 887‘217“1, =pY).

We can use this expression (which we will set to zero) further if we look at
its projections along the fluid (i.e. the direction of the four-velocity) and in
a direction orthogonal to the fluid.
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We can use the following identity which is a result of the four velocity
normalization, UY U, = —1,

v 1 v
U,0,U" = §8M(U,,U )=0 (30)
Contracting now (21) into U,,:
TMV’H U, = —Pou Ut — Psu Ut — pU“aH _pUMW +p7VU1/

Where | had used (22) and the normalization of the four-velocity. And
finally:
UVTMVW: _(pUV)a;L —,DU“,,U. (31)

Setting it to 0 in the non-relativistic limit U* = (1,v/), V]| <1 p < p
(23) becomes _

(pUO)70 +(pvl)7i =0
which it is:

Otp+V-(pv)=0 (32)
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Looking at the part orthogonal to the four-velocity, we multiply it by the

projection tensor:
P?, =467+ UU,. (33)

How do we know this is the right projection tensor? Well if V¥ = aU*
then P7, V¥ = adJU” + aU’ U, U = 0 and if W* is perpendicular to U¥
it means that W¥U, = 0, then P7, W" = §SW" + U U, WY = W?
Applying this to (20) we get:

P?,0,T" = (p+ p)Ur0,U° + 07p + U7 U 9, p. (34)
In the same non-relativistic limit as before if we equal to 0:
plosv + (v- V)] + Vp +v(0:p+v - Vp) =0. (35)
But if we assume that v is small (non-relativistic limit):
p[Osv + (v - V)v] = —Vp. (36)

Which is the Euler equation from fluid mechanics.
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A bit of thermodynamics

A perfect fluid is actually defined as a fluid that has no viscosity and no
heat conduction in MCRF. We can see the effect of the heat conduction if
we calculate the energy that could be exchanged in a fluid element either
by heat conduction (i.e. absorbing dQ) or by doing work pdV (where V is
the usual 3-volume element), and we can write a traditional energy
balance equation:

dE = dQ — pdV or dQ = dE — pdV.

If the element contains a total of N particles, and if this number doesn’t
change we can write:

N
V=—
n

N
, dVv = —ﬁdn. (37)
where n is the number of particles per volume (i.e. density number). But
also from the definition of p we have E = pV = pN/n and then from this
it results: dE = pdV + Vdp.
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Combining both equations
N N
dQ = ;dl) —(p+ P)pdn
Written in terms of ¢ = Q/N

ptp
n

dn

ndq = dp —
So as in usual thermodynamics, defining dg = TdS we get:
dp— HTpdn — nTdS (38)

Using (18) an calculating the four-divergence T 5 we have:
[(p+ P)UU’ + pn*’],5=0 (39)

If we assume particle conservation, i.e. even if the number of particles in a
given volume element of the fluid the total number doesn’t change, we can
write, after defining the flux vector N = nU:

V-N=Ng4=(nU",)=0 (40)
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Noticing then that the first term in the energy-momentum conservation

law can be written

+
[(p+pP)U U] = [pnpUaUﬁ}
5

)

nUﬁ<pj7pUa>

So, back in (31) and using (22) we have:

7ﬁ

nUP (p+npua> +pan®® =0
B

)

Multiplying by U% and summing:

+
nJp
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which is:

_UﬁPﬁ_p+pmﬁ]:0

But written in the rest frame of the fluid:

dp _ptpdn

=0
dr n dr

And comparing with (30)

dp— HTpdn — nTdS

(47)

We see that this is the derivative of the entropy along the lines of flow of

the fluid U%S,, = 2 is:

(48)

ds
=~ _0
dr
The flow of a particle-conserving perfect fluid conserves specific entropy —
adiabatic.
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At the end of section 4.6 on page 104 of Schutz convince yourself that the
equations (4.54)-(4.56) were already studied when we concluded that
projecting the conservation equation for the energy-momentum tensor in a
direction orthogonal to the flow we obtained a generalization of Euler's
equation.

One more comment: If we go back to equation (26)

Pe,TH = (p+p)UrU?,,+p° + U U*p,, = 0. (49)
use that in the MCRF U’ = 0 but Ui,g = 0 and we get:

(p+p)Uisl’ +p,i=0 (50)
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But now notice that by definition U; 3 U? is the i component of the four
acceleration in the direction of U. So we write:

(p+p)ai+p,i=0 (51)

or b
—aj = —~ 52
=i, (52)

For very dense fluids where p is comparable to p, the pressure gradient can
not overcome the sum of the pressure itself with the density to hold a star
in equilibrium.
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Some examples

1
In the rest frame of a perfect fluid its stress-energy tensor, in terms of
mass-energy density p and pressure p, is:

O o oD
o oT O
oOT O O
T O O O

If a fluid element of proper density p and pressure p is moving with
four-velocity u, what is its stress-energy?
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2

A rod has cross sectional area A and mass per unit length . Write down
the stress-energy tensor inside the rod when the rod is under tension F
(uniform).

TO = /A

There is no energy flow, so T% = 0.
If z is along the the rod axis, T = T** = TY* = 0. So the tension is
only in the z direction:

/A

O O O™~
o O O o
o O O o
~ O O O
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3

The energy -momentum tensor of an electromagnetic field is with F*¥ as
defined in the first slide:

1 1
TMV = E (F“aFVa - 477NVFaﬁFa,8> (53)
a) Show that 7% = (E2 + B?)/8x
b) Show that T, = 0 i.e. the trace for the energy-momentum tensor of
an electromagnetic field is zero.
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4
Show that the equation of state for a gas of photons is

.
p=3p

Solution
We know that the trace for an electromagnetic field is zero. In the MCRF
it is also

Taa = —,0+3p

From this
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5

For a perfect fluid with eos p = p(n) where n is the baryon density, show

that THu is negative if and only if dlogp/dlogn < 4/3.

Solution From (30) with dS = 0 (iso-entropic fluid),

dp _ptpdn
dt  n dt

Using p = p(n),
dpdn _p+pdn

dndt  n dt

Then dividing by p:
dp _ p+pdn

p p n
SO

dlogp/dlogn = (p+p)/p
Looking at the trace,

= (p+pP) VU +pny=—(p+p)+4p=3p—p

If T#, we can see that 3p — p is the limit, which we can see by putting

p =3pin (49).

Mario Diaz (CGWA) Perfect Fluids

February 1, 2026

28 /29



6

The velocity of sound in a fluid is v2 = 9p/0p|s=cnst-
Show that v2 = dlog p/d log n|s—ctp/(p + p) where
1 = Olog p/Olog n|s—cnst is the adiabatic index.
Solution

We first write:

vi _ dp/dp_ dp/dp
1 Ologp/dlogn  ndp/pdn
and then,
v2 __pdn
1N dp
and using (30):
2 p
vi="T
ot
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