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Christoffel Symbols and Geodesic Equation

This is a Mathematica programto computethe Christoffel andthe geodesiequationsstartingfrom a givenmetric g,,.
The Christoffelsymbolsarecalculatedrom theformula

My =3 0Oy Yo + 0y Yo — 0o Guv)

whereg'? is the matrixinverseof g, calledtheinversemetric. Thisis the solutionof therelation(8.19)andthe notation
for theinversemetricis standardcf (20.17)]. Thecomponent®f the geodesiequationare

du?/dr = -T%p, VP .
You mustinput the covariantcomponent®f the metrictensorg,, by editingthe relevantinput line in this Mathematica

notebook.You mayalsowish to changethe namesof the coordinatesThe nonzerocomponent®f the abovequantitiesare
displayedasthe output.

m Clearing the values of symboals:

First clearany valuesthat may alreadyhavebeenassignedo the namesof the variousobjectsto be calculated The names
of thecoordinateshatyou will usearealsocleared.

Cl ear [coord, netric, inversenetric, affine, r, 6, ¢, t]

m Setting The Dimension

Thedimensiom of the spacetimégor space)mustbe set:
n=4

4

m Defining alist of coordinates:

The examplegiven hereis the wormholemetric (7.40). Note that for convenience is denotedby x* ratherthanx® and
summationsunfrom 1 to 4 ratherthanO to 3.

coord = {r, e, ¢, t}

{r, 6, ¢, t}

You canchangethe namesof the coordinatedy simply editingthe definition of coord, for exampleto coord ={x, y, z, t},
whenanothersetof coordinatenamess moreappropriate

m Defining the metric:

Input the metricasal list of lists, i.e., asa matrix. You caninput the component®f any metric here,but you mustspecify
themasexplicit functionsof the coordinates.
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metric={{1, 0, 0, 0}, {0, r"2+b”2, 0, 0}, {0, 0, (r"2+b”"2)Sin[e]"2, 0}, {0, 0, 0, -1}}
({1, 0, 0, 0}, {0, b®+r2, 0, 0}, {0, 0, (b?+r?)Sin[e]?, 0}, {0, 0, 0, -1}}
You canalsodisplaythis in matrix form:

metric // Matri xForm

1 0 0 0
0 b2+r?2 0 0
0 0 (b2 +r2) Sin[e]? 0
0 0 0 -1

= Note:

It is importantnotto usethesymbols|, j, k, I, n, ors asconstant®r coordinatesn the metricthatyou specifyabove.The
reasonis that thefirst four of thosesymbolsareusedassummatioror tableindicesin the calculationsdonebelow. Thelast
is thedimensionof the space.

m Calculating theinverse metric:

Theinversemetricis obtainedhroughmatrixinversion.
inversemetric=Sinmplify[lnverse[metric]]

1

1 Csc[o]?
bz +r2”

{{1, 0, 0, 0}, {0, bZ 412

0, 0}, {o, o, , 0}, (0, 0, 0, -1}}

Theinversemetriccanalsobedisplayedn matrix form;

i nversemetric // Matri xForm

1 0 0 0
0w O
Cs 2
0 0 ge
0 0 0 -1

m Calculating the affine connection:

The calculationof the component®f the affine connectionis doneby transcribingthe definition given earlierinto the
notationof Mathematica and usingthe Mathematica functionsD for taking partial derivatives,Sum for summingover
repeatedndices,Table for forming alist of componentsandSimplify for simplifying theresult.

affine:=zaffine=Sinplify[Table[(1/2) »Sum[ (i nversemetric[[i, S]1]) *
(D[metric[[s, j11, coord[[k]] ]+
Dinetric[[s, k]], coord[[j]1]]-D[metric[[j, k11, coord[[s]]1]), {s, 1, n}],
{i, 1, n} {j, 1 n}, (k 1, n}]]
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m Displaying the affine connection:

The nonzerocomponent®f the affine connectionsredisplayedoelow. You neednot follow the detailsof constructinghe
functionsthatwe usefor thatpurpose Becausehe affine connectioris symmetricunderinterchangef thelasttwo indices,
only theindependentomponentaredisplayed.

listaffine:=Table[lf[UnsaneQ[affine[[i, j, k]1, O],
{ToString[T[i, j, k11, affine[[i, j, k11}1., {i, 1, n}, {j, 1, n}, {k, 1, j}]

Tabl eForm[Partition[Del eteCases[Flatten[listaffine], Null], 2], Tabl eSpaci ng-» {2, 2}]

(1, 2, 2] -r

r[1, 3, 3] -r Sin[e)?
T2, 2, 1) T

T2, 3, 3] -Cos[©] Sin[e]
r[3, 3, 1] s

T3, 3, 2] Cot [O]

m Calculating the geodesic equations:

The geodesiequationsare calculatedby asking Mathematica to carry outthe sum-? g, ufu”, whereu® arethe compo
nentsof the four—velocity. (This givesthe derivitive of u* with respecto propertime 7. (Thisis replacedby s if the
geodesicarespacelike.)

geodesi c: =geodesic = Sinplify[Tabl e[-Sum[affine[[i, j, kl1u[j1u[k], {j, 1, n},
{k, 1, n}1, {i, 1, n}]]

m Displaying the geodesic equations:
listgeodesic: =Table[{"d/dc" ToString[u[i]], "=", geodesic[[i]]}, {i, 1, n}]

Tabl eFor m[| i st geodesi ¢, Tabl eSpaci ng -» {2}1]

d/dtuf[l] = r (u[2]2+Sin[e]?u[3]?)
d/dtuf2] = -2rULLHI21 4 Cos[e] Sin[e] u[3]?
d/dtu(3] = -2-utg3l _2Cot [6] u[2] u[3)
d/dctuf4] = O
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